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^0 ' Abstract— We define, in the frame of an abstract Wiener space, the notions of convex- 

ity and of concavity for the equivalence classes of random variables. As application we 
show that some important inequalities of the finite dimensional case have their natural 
' counterparts in this setting. 

?3 ■ 1 Introduction 

On an infinite dimensional vector space W the notion of convex or concave 
function is well-known. Assume now that this space is equipped with a 
^ i probability measure. Suppose that there are two measurable functions on 

this vector space, say F and G such that F = G almost surely. If is a 
OO ■ convex function, then from the probabilistic point of view, we would like to 

, say that G is also convex. However this is false; since in general the un- 

I derlying probability measure is not (quasi) invariant under the translations 

^ ' by the elements of the vector space. If W contains a dense subspace H 

. such that w ^ w + h (h £ H) induces a measure which is equivalent to 

the initial measure or absolutely continuous with respect to it, then we can 
define a notion of "//-convexity" or "//-concavity in the direction of H. 
Of course these properties are inherited by the corresponding equivalence 
5^ \ classes, hence they are particularly useful for the probabilistic calculations. 

The notion of //-convexity has been used in [17] to study the absolute 
continuity of the image of the Wiener measure under the monotone shifts. 
In this paper we study further properties of such functions and some ad- 
ditional ones in the frame of an abstract Wiener space, namely //-convex, 
//-concave, log //-concave and log //-convex Wiener functions, where H de- 
notes the associated Cameron-Martin space. In particular we extend some 
finite dimensional results of [12] and [3] to this setting and prove that some 
finite dimensional convexity-concavity inequalities have their counterparts 
in infinite dimensions. 



2 Preliminaries 



In the sequel {W, H, ji) denotes an abstract Wiener space, i.e., is a separa- 
ble Hilbert space, called the Cameron-Martin space. It is identified with its 
continuous dual. is a Banach or a Prechet space into which H is injected 
continuously and densely, /i is the standard cylindrical Gaussian measure 
on H which is concentrated in as a Radon probability measure. In the 
classical case we have either = Co([0, 1]) or W = Co(]R_|_) where 

= |/i : [0, 1] ^ IR : h{t) = 1^ h{s) ds , \h\H = \\h\\m[o,i]) } 

or ^ 

H = : '5R+ ^ M : h{t) = h{s)ds,\h\H = \\h\\L2(M+)^ 

respectively. 

Let X be a separable Hilbert space and a be an X-valued (smooth) 
polynomial on W: 

riL 

(^{w) = ^ r]ii{hi,w) {hn, w))xi , 

i=l 

with Xi £ X, hi £ W* and r]i G C^(IR"). The Gross-Sobolev derivative of 
a is defined as 

m n 

Va{w) = X] X] ^) ' • • ■ ' i^n, w))xi ® hj , 

i=i j=i 

where h denotes the image of /i G W* in H under the canonical injection 
W* ^ H (in the sequel we shall omit this notational detail and write h 
instead of h when there is no ambiguity). The derivatives of higher orders 
V^a(t(;) are defined recursively. Thanks to the Cameron-Martin theorem, 
all these operators are closable on all the L^'-spaces and the Sobolev spaces 
]Dp fc(X), p > 1, A; G W can be defined as the completion of X- valued 
smooth polynomials with respect to the norm: 

k 

II ^ \\p,k= ^2 II ^^'^ \\LP{ij,,Xi^H^i) ■ 
i=0 

From the Meyer inequalities (cf., for instance [15]), it is known that the 
(p, fc)-norm, defined above, is equivalent to the following norm 

II (I + L)^/2a |U.(^,^) 



2 



where L is the Ornstein-Uhlenbeck operator on W (cf. [15]) and we denote 
these two norms with the same notation. Since L is a positive, self adjoint 
operator, we can also define the norms, via spectral theorem, for A; € IR. It is 
easy to see that the spaces with negative differentiability index describe the 
dual spaces of the positively indexed Sobolev spaces. We denote by D {X) 
the intersection of the Sobolev spaces {IDp fc(X); p > 1, /c G IN}, equipped 
with the intersection (i.e., projective limit) topology. The continuous dual of 
ID(X) is denoted by ]D'(X) and in case X = IR we write simply 10^ ^, ID, ID' 
for Dp fc(lR), ]D(1R), ID'(IR) respectively. Consequently, for any p > 1, k ^ 
IR, V : IDp fc(X) ^ IDp^fc_i(X ® H) continuously, where X fS> H denotes the 
completed Hilbert-Schmidt tensor product of X and H. Therefore 5 = V* is 
a continuous operator from W)p^i^{X H) into ^p^k-i{^) ^oi any p > 1, k E 
JR. We call S the divergence operator on W. Let us remark that from these 
properties, 6 and V extend continuously as operators from JD'{X <S> H) to 
ID'(X) and from T)'{X) to T)'{X®H) respectively. Let us recall that, in the 
case of classical Wiener space, 5 coincides with the Ito stochastic integral 
on the adapted processes. We recall that, if F is in IDp i(iJ) for some p > 1, 
then almost surely, V-F is an Hilbert-Schmidt operator on i7, and if F is an 
iJ-valued polynomial, then 5F can be written as 

oo 

5F = Y, [{F,ei)H5ei - (v(F, 6^)^^, e^) J , 

i=l 

where (cj, i e IN) is any complete orthonormal basis in H. 

In the sequel we shall use the notion of second quantization of bounded 

operators on H; although this is a well-known subject, we give a brief outline 
below for the reader's convenience (cf. [1], [5], [13]). Assume that A : H 
H is a bounded, linear operator, then it has a unique, //-measurable (i.e., 
measurable with respect to the /x-completion of B{W)) extension, denoted 
by ^, as a linear map on W (cf.[l, 5]). Assume in particular that ||^|| < 1 
and define S = {Ih - A*Ay/^, T = (Ih - AA*fl'^ and U : H x H ^ H x H 
as U{h, k) = {Ah + Tk, -Sh + A*k). U is then a unitary operator on HxH, 
hence its /x x /x-measurable linear extension toW xW preserves the Wiener 
measure fix ji (this is called the rotation associated to [/, cf. [19], Chapter 
VIII). Using this observation, one can define the second quantization of A 
via the generalized Mehler formula as 

V{A)f{w)= [ f{A*w + Sy)fi{dy), 

which happens to be a Markovian contraction on LP{lJi) for any p>l. T{A) 
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can be calculated explicitly for the Wick exponentials as 



T{A) exp {6h - l/2\h\%} = exp {6Ah - l/2\Ah\%} {h e H) . 

This identity implies that r{AB) = T{A)r{B) and that for any sequence 
{An, n G IN) of operators whose norms are bounded by one, T{An) converges 
strongly to T{A) if lim„ An = A\n the strong operator topology. A particular 
case of interest is when we take A = e~^lH, then r(e'~*//f) equals to the 
Ornstein-Uhlenbeck semigroup Pj. Also if vr is the orthogonal projection of 
H onto a closed vector subspace K, then r(7r) is the conditional expectation 
with respect to the sigma field generated by {6k, k G K}. 

3 if-convexity and its properties 

Let us give the notion of iJ-convexity on the Wiener space W: 

Definition 3.1 Let F : W ^ JRU {oo} be a measurable function. It is 
called H -convex if for any h, k E H , a E [0, 1] 

F{w + ah+{l- a)k) < aF{w + h) + {l- a)F{w + k) (1) 

almost surely. 
Remarks: 

• This definition is more general than the one given in [17, 19] since F 
may be infinite on a set of positive measure. 

• Note that the negligcablc set on which the relation (1) fails may depend 
on the choice of h, k and of a. 

• If G : — >^ IR is a measurable convex function, then it is necessarily 
i?-convex. 

• To conclude the ff-convexity, it suffices to verify the relation (1) for 
k = —h and a = 1/2. 

The following properties of i7-convex Wiener functionals have been proved 
in [17, 18, 19]: 

Theorem 3.1 

1. If {Fn,n £ IN) is a sequence of H- convex functionals converging in 
probability, then the limit is also H-convex. 
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2. If F E LP{pl) (p > 1) is H -convex if and only ifV^F is positive and 
symmetric Hilbert- Schmidt operator valued distribution on W. 

3. If F E L^{lj) is H -convex, then PfF is also H -convex for any t > 0, 
where Pt is the Omstein-Uhlenbeck semi-group on W. 

The following result is immediate from Theorem 3.1 : 

Corollary 3.1 

F G Up>ii7'(/i) is H-convex if and only if 

E [p {V^F{w),h(^h)^ > 

for any h £ H and ip G 1D_|_, where (• , •)2 denotes the scalar product for the 
Hilbert- Schmidt operators on H . 

We have also 
Corollary 3.2 

If F e FP^n), p> 1, is H-convex and if E[V'^F] = 0, then F is of the form 

F = E[F]-\-S{E[VF]) . 

Proof: Let {Pt,t > 0) denote the Ornstein-Uhlenbeck semigroup, PfF is 
again iJ-convex and Sobolev differentiable. Moreover V^Pj-F = e~^^PtV^F. 
Hence E[V'^PtF] = 0, and the positivity of V^PtF implies that V^PtF = 
almost surely, hence V^F = 0. This implies that F is in the first two Wiener 
chaos. □ 

Remark: It may be worth-while to note that the random variable which 
represents the share price of the Black and Scholes model in financial math- 
ematics (cf.[10]) is iJ-convex. 

We shall need also the concept of C-convex functionals: 

Definition 3.2 Let {ei,i G IN) C W* be any complete, orthonorm,al basis 
of H. For w G W, define Wn = Y17=i ^^i{w)ei and = w — Wn, then 
a Wiener functional f : W ^ JR is called C- convex if, for any such basis 
{ei,i G IN), for almost all u;^, the partial map 

Wn f{Wn + Wn) 

has a modification which is convex on the space span{ei, . . . , e„} ~ IR". 
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Remark: It follows from Corollary 3.1 that, if / is iJ-convex and in some 
(p > 1), then it is C-convex. We shall prove that this is also true 
without any integrability hypothesis. 

We begin with the following lemma whose proof is obvious: 

Lemma 3.1 

/// is C-convex then it is H -convex. 

In order to prove the validity of the converse of Lemma 3.1 we need some 
technical results from the harmonic analysis on finite dimensional Euclidean 
spaces that we shall state as separate lemmas: 

Lemma 3.2 

Let B G B{JR,") be a set of positive Lebesgue measure. Then B -\- B contains 
a non-empty open set. 

Proof: Let ^{x) = 1b ^ ^b{x), where 'V denotes the convolution of func- 
tions with respect to the Lebesgue measure. Then is a non-negative, 
continuous function, hence the set O = {x G IR" : (p{x) > 0} is an open 
set. Since B has positive measure, can not be identically zero, hence O is 
non-empty. Besides, if x e O, then the set of y G IR" such that y ^ B and 
X — y £ B has positive Lebesgue measure, otherwise (/>(x) would have been 
null. Consequently O <Z B + B. □ 

The following lemma gives a more precise statement than Lemma 3.2: 
Lemma 3.3 

Let B G ;B(]R") he a set of positive Lebesgue measure and assume that A C 
IR" X IR" with B X B = A almost surely with respect to the Lebesgue measure 
o/lR" X IR". Then the set {x -\- y : {x,y) G A} contains almost surely an 
open subset of IR" . 

Proof: It follows from an obvious change of variables that 
lA{y, x-y) = lB{y)'i-B{x - y) 

almost surely, hence 



almost surely, where ^(x) = iB-^^Bix). Consequently, for almost all x G IR' 
such that (j){x) > 0, one has (y, x — y) G A, this means that 

{x G IR"- : ^i'(x) >Q] <z{u + v: {u,v) e A} 
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almost surely. 

The following lemma is particularly important for the sequel: 



□ 



Lemma 3.4 

Let f : — > IR+ U {00} be a Borel function which is finite on a set of 
positive Lebesgue measure. Assume that, for any u G M", 



dx-almost surely (the negligeahle set on which the inequality (2) fails may 
depend on u). Then there exists a non-empty, open convex subset U o/lR" 
such that f is locally essentially bounded on U. Moreover let D be the set 
consisting of x E IR" such that any neighbourhood of x E D contains a 
Borel set of positive Lebesgue measure on which f is finite, then D dU , in 
particular / = 00 almost surely on the complement ofU. 

Proof: Prom the theorem of Fubini, the inequality (2) implies that 



dx X dy-almost surely. Let B G ^(IR") be a set of positive Lebesgue measure 
on which / is bounded by some constant M > 0. Then from Lemma 3.2, 
B + B contains an open set O. Let A be the set consisting of the elements 
oi B X B for which the inequality (3) holds. Then A = B x B almost surely, 
hence from Lemma 3.3, the set F = {x + y : (x, y) G ^4} contains almost 
surely the open set O. Hence for almost all z G ^O, 2z belongs to the set 
r, consequently z = ^{x + y), with {x,y) G A. This implies, from (3), that 
f{z) < M. Consequently / is essentially bounded on the open set |r. 

Let now U be set of points which have neighbourhoods on which / is 
essentially bounded. Clearly U is open and non-empty by what we have 
shown above. Let S and T be two balls of radius p, on which / is bounded 
by some M > 0. Assume that they are centered at the points a and b 
respectively. Let u = — a), then for almost all x G ^{S + T), x + u e T 
and x — u e S, hence, from the inequality (2) /(x) < M, which shows that 
/ is essentially bounded on the set ^{S + T) and this proves the convexity 



To prove the last claim, let x be any element of D and let V be any 
neighbourhood of x; without loss of generality, we may assume that V is 
convex. Then there exists a Borel set B C V of positive measure on which 
/ is bounded, hence from the first part of the proof, there exists an open 



fix)<-[f{x + u) + f{x-u)] 



(2) 




(3) 



of U. 
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neighbourhood O d B + B such that / is essentially bounded on C 

\{V + V) dV, hence \0 C U. Consequently F n ?7 / 0, and this imphes 
that X is in the closure of U , i.e. D C U. The fact that / = oo almost surely 
on the complement of U is obvious from the definition of L>. □ 

Theorem 3.2 

Let g : IR" — > IR U {00} be a measurable mapping such that, for almost all 
u G M", 

g{u + ax + Py) < ag{u + x) + Pg{u + y) (4) 

for any a, /3 G [0, 1] with a + j3 = 1 and for any x,y E IR", where the 
negligeable set on which the relation (4) fails may depend on the choice of 
X, y and of a . Then g has a modification g' which is a convex function. 

Proof: Assume first that g is positive, then with the notations of Lemma 
3.4, define g' = g on the open, convex set U and as = 00 on U^. From the 
relation (4), g' is a distribution on U whose second derivative is positive, 
hence it is convex on U, hence it is convex on the whole space ]R". Moreover 

we have {g' ^ g} C dU and dU has zero Lebesgue measure, consequently 

g = g' almost surely. For general g, define = e*^^ (e > 0), then, from what 

is proven above, has a modification which is convex (with the same 

f' —1 

fixed open and convex set U), hence limsup^^Q ^^^^ = g is also convex and 
g = g' almost surely. □ 

Theorem 3.3 

A Wiener functional F : W ^ JRU {00} is H-convex if and only if it is 
C- convex. 

Proof: We have already proven the sufficiency. To prove the necessity, with 
the notations of Definition 3.2, i7-convexity implies that h — > F{w^+Wn+h) 
satisfies the hypothesis of Theorem 3.2 when h runs in any n-dimensional 
Euclidean subspace of if, hence the partial mapping u)„ — > F{w^ +Wn) has 
a modification which is convex on the vector space spanned by {ei, . . . , e„}. 

□ 



4 Log ff-concave and C-log concave Wiener func- 
tional 

Definition 4.1 Let F be a measurable mapping from W into 1R_|_ with 
fi{F > 0} > 0. 
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1. F is called log H -concave, if for any h, k E H , a E [0, 1], one has 



almost surely, where the negligeable set on which the relation (5) fails 
may depend on h, k and on a. 

2. We shall say that F is C-log concave, if for any complete, orthonormal 
basis {ei,i G IST) C W* of H, the partial map Wn — ^ F{w^ + Wn) is 
log-concave (cf. Definition 3.2 for the notation), up to a modification, 
on span{ei, . . . , e„} ~ H". 

Let us remark immediately that if F = G almost surely then G is also 
log if-concave. Moreover, any limit in probability of log if-concave random 
variables is again log iJ-concave. We shall prove below some less immediate 
properties. Let us begin with the following observation which is a direct 
consequence of Theorem 3.3: 

Remark: F is log iJ-concave if and only if — log F is H-convex (which 
may be infinity with a positive probability) , hence if and only if F is C-log 
concave. 

Theorem 4.1 

Suppose that {Wi, Hi, fii), i = 1,2, are two abstract Wiener spaces. Consider 
{Wi X W2,Hi X Hi,fii X ^2) as an abstract Wiener space. Assume that 
F : Wi X W2 1R+ is log Hi x H2-concave. Then the map 



is log H2-concave. 

Proof: If F is log H x iJ-concave, so is also F A c (c G 1R+), hence we may 
suppose without loss of generality that F is bounded. Let {ei,i G IN) be a 
complete, orthonormal basis in H2. It suffices to prove that 



almost surely, for any h, I G spanjei, . . . , Ck}, a, /3 G [0, 1] with a + /3 = 1, 
where Ei denotes the expectation with respect to ni. Let {Pn,n € IN) be 
a sequence of orthogonal projections of finite rank on Hi increasing to the 
identity map of it. Denote by /i" the image of ^i under the map wi — > PnWi 
and by /x""*" the image of jii under wi ^ wi — PnWi- We have, from the 
martingale convergence theorem, 



F[w + ah + {l- a)k) > F{w + h)" F{w + k) 



l-a 



(5) 




Ei[F]{w2 + ah-\- 131) > {Ei[F]{w2 + h)f {Ei[F]{w2 + I)} 
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almost surely. Let {Qn,n G IN) be a sequence of orthogonal projections 
of finite rank on H2 increasing to the identity, corresponding to the basis 
(e„,n G IN). Let = QkW2 and W2'^ = W2 — Write 

F{wi,W2) = F{w'l^ + w'l,wl + w^2^) 
Prom the hypothesis 

has a log concave modification on the (n + A;)-dimensional Euclidean space. 
Prom the theorem of Prekopa (cf.[12]), it follows that 

wl^ J F^^^^^,^{w^,wl)dfiUO 

is log concave on IR'^ for any /c G IN (upto a modification), hence 

W2^ J F{w'l^ + w'l,W2)dfi{w'l) 

is log iJ2-concave for any n G IN, then the proof follows by passing to the 
limit with respect to n. □ 

Theorem 4.2 

Let A : H ^ H be a linear operator with \\A\\ < 1, denote by T{A) its 
second quantization as explained in the preliminaries. If F : W ^ IR+ is a 
log H -concave Wiener functional, then T{A)F is also log H-concave. 

Proof: Replacing F hy F Ac = min(F, c), c > 0, we may suppose that F is 
bounded. It is easy to see that the mapping 

{w, y) F{A*w + Sy) 

is log H X iJ-concave on x W. In fact, for any a + /3 = 1, h,k,u,v & H, 
one has 

F{A*w + Sy + a{A*h + Sk) + p{A*u + Sv)) (6) 
> F{A*w + Sy + A*h + Sk)"" F{A*w + Sy + A*u + Svf , 

d/x X d/x-almost surely. Let us recall that, since the image of /x x /x under 
the map (w, y) — > A*w-\- Sy is /x, the terms in the inequality (6) are defined 
without ambiguity. Hence 

V{A)F{w) = [ F{A*w + Sy)n{dy) 
Jw 

is log i7-concave on W from Theorem 4.1. □ 
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Corollary 4.1 

Let F : W ^ IR+ he a log H -concave functional. Assume that K is any 
closed vector subspace of H and denote by V{K) the sigma algebra generated 
by {6k, k £ K}. Then the conditional expectation of F with respect to V{K), 
i.e., E[F\V{K)] is again log H -concave. 

Proof: The proof follows from Theorem 4.2 as soon as we remark that 
T{'kk)F = E[F\V{K)\, where ttk denotes the orthogonal projection associ- 
ated to K. □ 

Corollary 4.2 

Let F he log H -concave. If Pt denotes the Omstein-Uhlenbeck semigroup on 
W , then w PtF{w) is log H-concave. 

Proof: Since Pt = T{e~^lH), the proof follows from Theorem 4.2. □ 
Here is an important application of these results: 

Theorem 4.3 

Assume that F : W ^ M.U {oo} is an H -convex Wiener functional, then 
F has a modification F' which is a Borel measurable convex function on 
W. Any log H-concave functional G has a modification G' which is Borel 
measurable and log-concave on W. 

Proof: Assume first that F is positive, let G = exp —F, then G is a positive, 
bounded C-log concave function. Define G„ as 

Gn = E[Py^G\Vn] , 

where Vn is the sigma algebra generated by {Jei, . . . , 5e„}, and {ei,i G 
IN) C W* is a complete orthonormal basis of H. Since Pi/nE[G\Vn] = 
E[Pi/jiG\Vn], the positivity improving property of the Ornstein-Uhlenbeck 
semigroup implies that G„ is almost surely strictly positive (even quasi- 
surely). As we have attained the finite dimensional case, G„ has a modifi- 
cation G^ which is continuous on W and, from Corollary 4.1 and Corollary 
4.2, it satisfies 

G'^{w + a/i + bk) > G'^iw + h)^G'^{w + kf (7) 

almost surely, for any h,k & H and a + b = 1. The continuity of G^ implies 
that the relation (7) holds for any h,k & H, w e W and a G [0, 1]. Hence G'„ 
is log-concave on W and this implies that — log G^ is convex on W. Define 
F' = limsup„(— log G'„), then F' is convex and Borel measurable on W and 
F = F' almost surely. 
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For general F, define = e , then from above, there exists a modifica- 
tion of fe, say which is convex and Borel measurable on W. To complete 
the proof it suffices to define F' as 

f -I 
F' = limsup^^^ . 

The rest is now obvious. □ 
Under the light of Theorem 4.3, the following definition is natural: 

Definition 4.2 A Wiener functional F : W —>■ JRU {00} will be called 
almost surely convex if it has a modification F' which is convex and Borel 

measurable on W . Similarly, a non-negative functional G will be called 
almost surely log-concave if it has a modification G' which is log-concave on 
W. 

The following proposition summarizes the main results of this section: 
Theorem 4.4 

Assume that i^" : — > IRU {00} is a Wiener functional such that 

H{F < 00} > 0. 
Then the following are equivalent: 

1. F is H -convex, 

2. F is C- convex, 

3. F is almost surely convex. 

Similarly, for G : W ^ 1R+, with fx{G > 0} > 0, the following properties 
are equivalent: 

1. G is log H -concave, 

2. G is log C -concave, 

3. G is almost surely log-concave. 

The notion of a convex set can be extended as 

Definition 4.3 Any measurable subset A of W will be called H-convex if 
its indicator function 1a is log H-concave. 
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Remark: Evidently any measurable convex subset of W is i7-convex. More- 
over, a A = A' almost surely and if A is H-convcx, then A' is also iJ-convex. 
Remark: If cf) is an iJ-convex Wiener functional, then the set 

{weW : ^{w) < t} 

is if-convex for any t G JR. 

We have the following result about the characterization of the iJ-convex 
sets: 

Theorem 4.5 

Assume that A is an H-convex set, then there exists a convex set A! , which 
is Borel measurable such thai A = A' almost surely. 

Proof: Since, by definition, 1^ is a log if-concave Wiener functional, from 
Theorem 4.3, there exists a log-concave Wiener functional fA such that 
fA = 1a almost surely. It suffices to define A' as the set 

A' = {weW : fA{w) > 1} . 

□ 

Example: Assume that A is an iJ-convex subset of W of positive measure. 
Define pA as 

Pa{w) = inf {\h\H ■.he{A-w)nH). 

Then PA is if-convex, hence almost surely convex (and iJ-Lipschitz c.f. [19]). 
Moreover, the {w : pa{w) < a} is an i7-convex set for any a G 1R+. 

5 Extensions and some applications 

Definition 5.1 Let {ei,i G IN) be any complete orthonormal basis of H. We 
shall denote, as before, by Wn = Y17=i ^^ii"^) ""^n = w — Wn- Assume 

now that F : W ^ JRU {oo} is a measurable mapping with iJ,{F < oo} > 0. 

1. We say that it is a-convex (a G JR), if the partial map 

is almost surely convex for any n > 1, where \wn\ is the Euclidean 
norm ofwn- 
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2. We call G a-log-concave if 

Wn exp|-||tf;„p| G{Wn + Wn) 

is almost surely log-concave for any n G IN. 

Remark: G is a-log-concave if and only if — log G is a-convex. 

The following theorem gives a practical method to verify a-convexity or 
log-concavity: 

Theorem 5.1 

Let F : W ^ IRU {00} be a measurable map such that fi{F < 00} > 0. 
Define the map Fa on H x W as 

Fa{h,W + h) = ^\h\% + F{w + h) . 

Then F is a-convex if and only if, for any h,k & H and a,/3 G [0, 1] with 
a + (3 = \, one has 

Fa{ah + Pk,w + ah + Pk) < aFa{h,w + h) + P Fa{k,w + k) (8) 

^-almost surely, where the negligeable set on which the inequality (8) fails 

may depend on the choice of h,k and of a. 

Similarly a measurable mapping G : W ^ 1R+ is a-log-concave if and 
only if the map defined by 

Ga{h,w + h) = exp i^^-^\h\jj^ G{w + h) 

satisfies the inequality 

Ga{ah + f3k,w + ah + /3k) > Ga{h, w + h)''Ga{k, w + kf , (9) 

^-almost surely, where the negligeable set on which the inequality (9) fails 
may depend on the choice of h,k and of a. 

Proof: Let us denote by hn its projection on the vector space spanned 
by {ei,...,e„}, i.e. /i„ = Y.i<nih,ei)Hei. Then, from Theorem 4.4, F is 
a-convex if and only if the map 

^ ^ [knP + 2K, hn) + \hn\'^] + F{w + hn) 
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satisfies a convexity inequality like (8). Besides the term l^nP being kept 
constant in this operation, it can be removed from the both sides of the 
inequality. Similarly, since /i„ {wrn hn) is being affine, it also cancels 
from the both sides of this inequality. Hence a-convexity is equivalent to 

Fa{ahn + Pkn,W + ahn + PK) < aFa{hn,W + hn) + PFa{kn,W + kn) 

where kn is defined as /t„ from a k e H. 

The second part of the theorem is obvious since G is a-log-concave if and 
only if — log G is a-convex. □ 

Corollary 5.1 

1. Let L^d-i) be the space of the ^-equivalence classes o/lRU {oo}-valued 
random variables regarded as a topological semi-group under addition 
and convergence in probability. Then F G L^{lj) is (5-convex if and 
only if the mapping 

h^^\h\l + F{w + h) 

is a convex and continuous mapping from H into L^{iJ,). 

2. F & LP(ii), p > 1 is (3 -convex if and only if 

E[{{piH + V''F)h,h)jj (f\>0 

for any ^ G ID positive and h E H, where V^F is to be understood in 
the sense of the distributions ID' . 

Example: Note for instance that sin(5/i with \h\H = 1, is a 1-convex and 
that exp(sin5/i) is 1-log-concave. 

The following result is a direct consequence of Prekopa's theorem: 

Proposition 5.1 

Let G be an a-log concave Wiener functional, a G [0,1], and assume that 
V is any sigma algebra generated by the elements of the first Wiener chaos. 
Then E[G\V] is again a-log-concave. 

Proof: Prom Corollary 5.1, it suffices to prove the case V is generated by 
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{6ei, . . . , 6ek}, where (e„, n G INT) is an orthonormal basis of H. Let 

i<k 

Zk = W-Wk 

k+n 

Zk,n = X] 
i=k+l 

and let z^^ = Zk — Zk,n- Then we have 
E[G\V] = J G{zk + wk)d^iizk) 

Since 

{zk,n,yJk) exp |-^(a|u;fc|^ + |2„,fc|^)| Giz^^^ + Zk,n + Wk) 

is almost surely log-concave, the proof follows from Prekopa's theorem (cf.[12]). 

□ 

The following theorem extends Theorem 4.2 : 
Theorem 5.2 

Let G be an a-log-concave Wiener functional, where a G [0, 1). Then V[A)G 
is a-log-concave, where A G L{H,H) (i.e. the space of bounded linear oper- 
ators on H) with \\A\\ < 1. In particular PtG is a-log-concave for any t>Q, 
where {Pt,t > 0) denotes the Ornstein-Uhlenbeck semi-group on W. 

Proof: Let {ei,i G INT) be a complete, orthonormal basis of H, denote 

by 7r„ the orthogonal projection from H onto the linear space spanned by 
{ei, . . . , Cn} and by Vn the sigma algebra generated by {5ei , . . . , Scn}- From 
Proposition 5.1 and from the fact that r(7r„A7rn) r(A) in the strong 
operator topology as n tends to infinity, it suffices to prove the theorem 
when W = IR". We may then assume that G is bounded and of compact 
support. Define F as 



= F{x) [ e^(^'^)d/x(0 . 
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Prom the hypothesis, F is almost surely log-concave. Then, using the nota- 
tions explained in Section 2: 

e-'^^r(^)G(x) 

= J J FiA*x + Sy) exp | -a^ + V^iA*x + Sy, 1 dfi{y)dfi{0 

= {2^)-^ j J F{A*x + Sy)e^p-^^^^dydC, 
where 

e{x,y,0 = a\xf-2^{A*x + Sy,0 + \yf + \^\^ 

= \^x-A^f + \V^y-SCf + {l-a)\y\\ 

which is a convex function of (x, y, ^). Hence the proof follows from Prekopa's 
theorem (cf.[12]). □ 
The following proposition extends a well-known finite dimensional in- 
equality (cf.[7]): 

Proposition 5.2 

Assume that f and g are H -convex Wiener Junctionals such that f G L^ifJ') 
and g G L'^ifi) with p > 1, = 1 — q~^. Then 

E[fg] > E[f]E[g] + iE[V f], E[Vg]) ^ . (10) 

Proof: Define the smooth and convex functions and gn on W by 

Pi/nf = fn 
Pl/n9 = 9n ■ 

Using the fact that Pt = e~*^, where L is the number operator L = 5 o V 
and the commutation relation VPt = e~*PtV, for any < t < T, we have 

E [Pr-tfu 9n] = E[PTfn 9n]+ f E [LPr-sfn 9n] ds 

Jo 

= E[PTfn9n]+ f e-(''-'^E[{PT-sVfn,Vgn)H]ds 

Jo 

= E[PTfn9n]+ [ e-'^^-'^E[{PTVfn,Vgn)H]ds 

Jo 

+e-2^ / /' e-'+^E [(PT-rVVn, V^^n)^] drds 
Jo Jo 

> E[PTfn9n]+E[iPTVfn,Vgn)H]e-^{e'-l) (11) 
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where (•, •)2 denotes the Hilbert-Schmidt scalar product and the inequaUty 
(11) follows from the convexity of fn and gn- In fact their convexity implies 
that PtV^fn and V'^gn are positive operators, hence their Hilbert-Schmidt 
tensor product is positive. Letting T = t in the above inequality we have 

E[fn gn] > E [Prfn 9n] + (1 - e-^)E [(PrV/n, V5n)i/] • (12) 

Letting T — > oo in (12), we obtain, by the ergodicity of {Pt,t > 0), the 
claimed inequality for /„ and gn. It suffices then to take the limit of this 
inequality as n tends to infinity. □ 

Proposition 5.3 

Let G be a (positive) ^-log-concave Wiener functional with 7 G [0, 1]. Then 
the map h — E[G{w + h)] is a log-concave mapping on H . In particular, if 
G is symmetric, i.e., if G{w) = G{—w), then 

E[G{w + h)] < E[G] . 

Proof: Without loss of generality, we may suppose that G is bounded. Using 
the usual notations, we have, for any h in any finite dimensional subspace 
L of iJ, 

E[G{w + h)] = lim , / G{w:j^ +Wn + h) exp (--^^^l dwn , 
n (27r)"/^ Jwr, I 2 J 

from the hypothesis, the integrand is almost surely log-concave on W„ x L, 
from Prekopa's theorem, the integral is log-concave on L, hence the limit is 
also log-concave. Since L is arbitrary, the first part of the proof follows. To 
prove the second part, let g{h) = E[G{w + h)], then, from the log-concavity 
of g and symmetry of G, we have 

E[G] = g{0) 

= g{l/2{h) + l/2{-h)) 

= 9{h) 

= E[G{w + h)]. 

□ 

Remark: In fact, with a little bit more attention, we can see that the map 
h — exp{^(l — ^)\h\'^jj}E[G{w -\- h)] is log-concave on H. 

We have the following immediate corollary: 
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Corollary 5.2 

Assume that A G W is an H-convex and symmetric set. Then we have 

IJ.{A + h)< iJ,{A) , 

for any h G H. 

Proof: Since 1a is log i?-concave, the proof follows from Proposition 5.3. 

□ 



Proposition 5.4 

Let F £ be a positive log H-convex function. Then for any u G 

W)q^2{H), we have 



Ep 



{5u - EF[5u]f] > Ef [\u\% + 25(V„'u) + trace(Vu • Vu)] , 



where Ep denotes the mathematical expectation with respect to the probability 
defined as 

F , 

Proof: Let i*V be PtF, where (P,-, r G IR+) denotes the Ornstein-Uhlenbeck 
semi-group. Ft has a modification, denoted again by the same letter, such 
that the mapping h ^ Ft-{w + h) is real-analytic on H for a\[ w £ W 
(cf. [19]). Suppose first also that ||Vn||2 G L°^{p,H (gi H) where || • 
denotes the Hilbert-Schmidt norm. Then, for any r > 1, there exists some 
tr > such that, for any < t < t-r, the image of the Wiener measure 
under w w + tu{w) is equivalent to // with the Radon-Nikodym density 
Lt G L'''{n). Hence w ^ Fr{w + tu{w)) is a well-defined mapping on W 
and it is in some L'^ (n) for small t > (cf. [19], Chapter 3 and Lemma 
B.8.8). Besides t i— F{w + tu{w)) is log convex on JR since F^- is log H- 
convex. Consequently t i— E[Ft{w + tu{w))] is log convex and strictly 
positive. Then the second derivative of its logarithm at t = should be 
positive. This implies immediately the claimed inequality for Vu bounded. 
We then pass to the limit with respect to u in lDg^2(^) and then let r — 
to complete the proof. □ 



6 Poincare and logarithmic Sobolev inequalities 

The following theorem extends the Poincare- Brascamp-Lieb inequality (cf.[15]): 
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Theorem 6.1 

Assume that F is a Wiener functional in Up>i]Dp^2 with G L^{lj) and 
assume also that there exists a constant e > such that 

{{lH + V^F)h,h)j^>e\h\jj (13) 

almost surely, for any h E H , i.e. F is (1 — e)-convex. Let us denote by vp 
the probability measure on {W,B{W)) defined by 

dvp = cxp { -F - log £^ [^~^] } ^A* ■ 
Then for any smooth cylindrical Wiener functional (p, we have 

[ \(l)-E,^[(l)fduF< [ {{lH + V^F)-^V(l),VcP)jjdi^F. (14) 
Jw Jw 

In particular, if F is an H -convex Wiener functional, then the condition 
(13) is satisfied with e = 1. 

Proof: Assume first that W = IR" and that F is a smooth function on IR" 
satisfying the inequahty (13) in this setting. Assume also for the typograph- 
ical facility that E[e~^\ = 1. For any smooth function function (j) on IR", 
we have 

/ - E^M? dvp = —^J e-^^^^-\^\'''\m-EFm?dx. 

(15) 

The function G{x) = F{x) + is a strictly convex smooth function. 

Hence Brascamp-Lieb inequality (cf.[3]) implies that: 

[ \(f)- E^^[(j)]\'^dvF < I {OlessG{x))-^V(j){x),V(j){x)) dvpix) 

((/h- + V'F)-iV<^, V<^)j^„ dvF . 

To prove the general case we proceed by approximation as before: indeed 

let (ej,i G IN) be a complete, orthonormal basis of H, denote by Vn the 
sigma algebra generated by {Sei, . . . , (5e„}. Define Fn as to be E[Pi/nF\Vn], 
where is the Ornstein-Uhlenbeck semigroup at t = 1/n. Then from 
the martingale convergence theorem and the fact that is a smooth sigma 
algebra, the sequence (F„, n G IN) converges to F in some JDp 2. Moreover F„ 
satisfies the hypothesis (with a better constant in the inequality (13)) since 
V^Fn = e~'^/^ E[Q'^'^V'^ F\Vn\, where Qn denotes the orthogonal projection 
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onto the vector space spanned by {ei , . . . , e^}. Besides F„ can be represented 
as Fn = 0{dei, ... , Sen), where is a smooth function on IR" satisfying 

((/iR" + ^^e{x))y,y)n^ > e\y\l^n , 

for any x,y £ M". Let «;„ = Qn{yj) = Z)i<„('5ej)ej, Wn = PniW) and 
= (Iw — Qn)iW) as before. Let us denote by Un the probabihty measure 
corresponding to F„. Let us also denote by the sigma algebra generated 
by {5ek,k > n}. Using the finite dimensional result that we have derived, 
the Fubini theorem and the inequality 2|o6| < ko^ + ^6^, for any «; > 0, we 
obtain 



< {1 + K)f e-^^\c|>-E[e-^n^\V^±]l2^^^ 
JW 

+ (l + ^) X.''^"'^^'"^"'^'^"^^ " E,n[<f\?dli, (16) 

where denotes — log£J[e~^"]. Since Vn and are independent sigma 
algebras, we have 



\E[e-^^4>\V^]\ = .^,^\E[e-^n^\Vn^]\ 

1 



E[e-^" 
1 

Ele- 



< t Ele'^^'W-^ 



hence, using the triangle inequality and the dominated convergence theorem, 
we realize that the last term in (16) converges to zero as n tends to infinity. 
Since the sequence of operator valued random variables ((/// + V^F„)^^, n G 
IN) is essentially bounded in the strong operator norm, we can pass to the 
limit on both sides and this gives the claimed inequality with a factor 1 + k, 
since k > is arbitrary, the proof is completed. □ 

Remark: Let T : W ^ W he a shift defined as T{w) = w + u{w), where 
u :W —>■ H is a measurable map satisfying {u{w + h) — u{w), h)H > — e|/ip. 
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In [17] and in [19], Chapter 6, we have studied such transformations, called 
e-monotonc shifts. Here the hypothesis of Theorem 6.1 says that the shift 
T = I\v + VF is e-monotone. 

The Sobolev regularity hypothesis can be omitted if we are after a 
Poincare inequality with another constant: 

Theorem 6.2 

Assume that F G Up>iL*'(/Lt) with E [e~^] is finite and that, for some con- 
stant e > 0, 

E[{{lH + V^F)h,h)^i?^ >e\h\lE[^], 

for any h ^ H and positive test function ip G ID, where V^F denotes the 
second order derivative in the sense of the distributions. Then we have 

E,^[\^-EF[4>]\^]<-^E,^[\\7ct^\%] (17) 

for any cylindrical Wiener functional (f). In particular, if F is H -convex, 
then we can take e = 1. 

Proof: Let Ft be defined as PtF, where Pt denotes the Ornstein-Uhlenbeck 
semigroup. Then Ft satisfies the hypothesis of Theorem 6.1, hence we have 



for any i > 0. The claim follows when we take the limits of both sides as 
i ^ 0. □ 



Example: Let F{w) = \\w\\ + ^ sin((5/i) with \h\H < 1, where || • || denotes 
the norm of the Banach space W . Then in general F is not in Up>iIDp^2; 
however the Poincare inequality (17) holds with e = 1/2. 

Theorem 6.3 

Assume that F is a Wiener functional in Up>i]Dp^2 with i?[exp— F] < oo. 
Assume that there exists a constant e > such that 

{{lH + V^F)h,h)^>e\h\l (18) 

almost surely, for any h E H. Let us denote by up the probability measure 
on {W,B{W)) defined by 

dvp = exp {— — log E [e~^^ } dfi . 
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Then for any smooth cylindrical Wiener functional (j), we have 



E, 



up 



log — log 



(19) 



In particular, if F is an H -convex Wiener functional, then the condition 
(18) is satisfied with e = 1. 

Proof: We shall proceed as in the proof of Theorem 6.1. Assume then 
that W = ]R" and that F is a smooth function satisfying the inequality 
(18) in this frame. In this case it is immediate to see that function G{x) = 
^\x^ + F{x) satisfies the Bakry-Emery condition (cf.[2], [4]), which is known 
as a sufficient condition for the inequality (19). For the infinite dimensional 
case we define as in the proof of Theorem 6.1, f„, V^, . Then, denoting 
by En the expectation with respect to the probability exp{— F^jd/x, where 
F^ = Fn- \ogE[e~^"], we have 



En 



|iog(/>2-iog||0lli.(^^)} 



Er, 



|log( 



log£'[e 



-F',2 



+En [<^'{logF[e-^".^'|V;^ 



-logF, 



[^^]} 



< -^En [\V(p\V\ +En {logF[e-^"<^2|^„^] _iog^^[^2j|J ^ (20) 

where we have used, as in the proof of Theorem 6.1, the finite dimensional 
log-Sobolev inequality to obtain the inequality (20). Since in the above 
inequalities everything is squared, wc can assume that ^ is positive, and 
adding a constant k > 0, we can also replace (j) with (f)^ = (j) + n. Again by 
the independancc of V„ and Vj];- , we can pass to the limit with respect to n 
in the inequality (20) for (p = (f)^ to obtain 

{iog</.2 -iog||</.,|||,(^^)}] < Ie,^ [\Vct>,\y\ . 



E, 



up 



\L^{up)_ 

To complete the proof it suffices to pass to the limit as k — > 0. □ 
The following theorem fully extends Theorem 6.3 and it is useful for the 
applications: 

Theorem 6.4 

Assume that G is a (positive) ^-log-concave Wiener functional for some 
7 G [0,1) with E[G] < DO. Let us denote by Eg[-] the expectation with 
respect to the probability measure defined by 

G 



dvG 



E[G] 
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Then we have 

Eg {log</.2 - log [</>']}] < ^Eg[\V(P\%] , (21) 
for any cylindrical Wiener functional (f). 

Proof: Since G A c, c > 0, is again 7-log-concave, we may suppose with- 
out loss of generality that G is bounded. Let now {ei,i G INF) be a com- 
plete, orthonormal basis for H, denote by Vn the sigma algebra generated 
by {(^ei, . . . ,6en}. Define G„ as to be E[Pi/nG\Vn]- From Proposition 5.1 
and Theorem 5.2, G„ is again a 7-log-concave, strictly positive Wiener func- 
tional. It can be represented as 

Gn{w) = gni^ei, . . . ,5e„) 

and due to the Sobolev embedding theorem, after a modification on a set 
of zero Lebesgue measure, we can assume that Qn is a smooth function on 
IR". Since it is strictly positive, it is of the form e~^", where /„ is a smooth, 
7-convex function. It follows then from Theorem 6.3 that the inequality (21) 
holds when we replace G by Gn, then the proof follows by taking the limits 
of both sides as n — 00. □ 

Example: Assume that A is a measurable subset of W and let H he & 
measurable Wiener functional with values in IRU {00}. If G defined by 
G = IaH is 7-log-concave with 7 G [0, 1), then the hypothesis of Theorem 
6.4 are satisfied. 

Definition 6.1 Let T E JD' be a positive distribution. We say that it is 
a-log-concave if PfT is an a-log-concave Wiener functional. If a = 0, then 
we call T simply log-concave. 

Remark: It is well-known that (cf. for example [15]), to any positive dis- 
tribution on W, it corresponds a positive Radon measure vt such that 

<T,(j)>= / 4){w)duT{w) 
Jw 

for any (f) eJD, where (j) represents a quasi-continuous version of (p. 
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Example: Let {wt,t G [0, 1]) be the one-dimensional Wiener process and 
denote by the heat kernel on JR. Then the distribution defined as £o{wi) = 
limT-^oPriwi) is log-concave, where sq denotes the Dirac measure at zero. 
The following result is a Corollary of Theorem 6.4: 

Theorem 6.5 

Assume that T is a positive, j3 -log- concave distribution with j3 G [0, 1). 
Let 7 he the probability Radon measure defined by 

^ " < T, 1 > ■ 

Then we have 

[02 |i^g^2 _ iog£;^[<^2j|] < _L_E^[\Vct>\l] , (22) 

for any smooth cylindrical function (/> : — > IR. 

Here is an application of this result: 
Proposition 6.1 

Let F be a Wiener functional in ^r,2 for some r > 1 . Suppose that it is 
p-non-degenerate in the sense that 

<5|^|^<^}GLf(^) (23) 

for any (p £ JD, for some p > 1. Assume furthermore that, for some G IR 
and a G [0, 1), 

{F - xo)V^F + VF (g) VF > -alH (24) 
almost surely. Then we have 

for any smooth cylindrical (p. 

Proof: Note that the non-dcgcncracy hypothesis (23) implies the existence 
of a continuous density of the law of F with respect to the Lebesgue measure 
(cf. [11] and the references there). Moreover it implies also the fact that 

linip^(F-xo) = e^o(F), 

T— +0 
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in ID', where e^o denotes the Dirac measure at xq and Pr is the heat kernel 
on IR. The inequaUty (24) imphes that the distribution defined by 

is a-log-concave, hence the conclusion follows from Theorem 6.5. □ 

7 Change of variables formula and log-Sobolev in- 
equality 

In this section we shall derive a different kind of logarithmic Sobolev inequal- 
ity using the change of variables formula for the monotone shifts studied in 
[17] and in more detail in [19]. An analogous approach to derive log-Sobolev- 
type inequalities using the Girsanov theorem has been employed in [16]. 

Theorem 7.1 

Suppose that F G FP{fi), for some p > 1, is an a-convex Wiener functional, 
a G [0, 1) with E[F] = 0. Assume that 

E [exp {c ||V^L-^F||2}] < oo , (25) 

for some 

2 + (l-a) 

c> 



2(1 -a) ' 

where \\ ■ denotes the Hilbert- Schmidt norm on H ® H and L~^F = 
Jj^^ PfF dt. Denote by v the probability measure defined by 

diy = Adfi , 

where 

A = det2{lH + V^L-^F) exp |-F - ^\VL-^F\jj^ 

and det2{lH + V'^L~^F) denotes the modified Carleman-Predholm determi- 
nant. Then we have 

< 2E, [\{Ih + V2L-iF)-iV/|y (26) 













ll/lli^wy'J 



and 

E^Wf - EM'-\ < [\{Ih + V'L-^F)-^Vf\ji] (27) 
for any smooth, cylindrical f . 
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Proof: Let F„ = E[Pi/nF\Vn], where Vn is the sigma algebra generated 

by {6ei, . . . ,(5e„} and let (e„,n G IN) be a complete, orthonormal basis of 
H. Define ^„ by VL^^Fn, then ^„ is (1 — a)-strongIy monotone (cf. [19] 
or [17]) and smooth. Consequently, the shift r„ : W W, defined by 
Tn{w) = w + ^n{w) is a bijection of W (cf.[19], Corollary 6.4.1), whose 
inverse is of the form Sn = Iw + Vn-, where r]n{w) = gn{Sei, . . . , ^e^) such 
that gn '■ IR" IR" is a smooth function. Moreover the images of under 
Tn and Sn, denoted by T*iJ, and S**// respectively, are equivalent to and 
we have 

dfjL 
dfi 

where 

An = det2 {Ih + V4„) exp | -6^n 
Ln = det2(/i7 + Vrin) exp i^-Srjn 

The hypothesis (25) implies the uniform integrability of the densities (A„, n > 
1) and (L„,n > 1) (cf. [17, 19]). For any probability P on {W,BiW)) and 
any positive, measurable function /, define Ti.p{f) as 

Wp(/) = /(log/-log^p[/]). (28) 

Using the logarithmic Sobolev inequality of L. Gross for fi (cf.[6]) and the 
relation 

{Ih + V7?n) o Tn = {Ih + V^n)"' , 

we have 

^[An>^A„dM(/')] = E[n^{foSn)] 

< 2E[\V{foSn)\l] 

= 2E[\{lH+V7]n)VfoSn\jj] 

= 2E[An\{lH + V^n)-'Vf\%]. (29) 
It follows by the a-convexity of F that 

\\{Ih + '^U)-'\\<y^ 



= K 

= Ln 
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almost surely for any n > 1, where || • || denotes the operator norm. Since 
the sequence (A„,n G IN) is uniformly integrable, the limit of (29) exists in 
L^(/i) and the proof of (26) follows. The proof of the inequality (27) is now 
trivial. □ 



Corollary 7.1 

Assume that F satisfies the hypothesis of Theorem 7.1. Let Z be the func- 
tional defined by 

Z = det2{lH + V^L-iF)exp ^\VL-^F\jj 

and assume that Z, Z^^ G L°°{ii). Then we have 
f 



E 
and 



e-^/'log 



E[e-^f^^ 



< 2KE 



-F 



{lH + V^L-'F)-'Vf\'^ (30) 



E 



e-^\f-E[e-^f]\ 



< KE 



e'^\{lH + V'L-'F)-'Vf\l] (31) 



for any smooth, cylindrical f, where K = \\Z\\i^oo(^fj_-^\\Z ^||loc.(^). 

Proof: Using the identity remarked by HoUey and Stroock (cf. [8], p. 1183) 



Ep [Hpif^)] = inf Ep 

x>0 



/'log 



- if - 



where P is an arbitrary probability measure, and H is defined by the relation 
(28), we see that the inequality (30) follows from Theorem 7.1 and the 
inequality (31) is trivial. □ 

Remark: If F is if-convex, then dct2(/j/ + V'^L^^F) > 1 almost surely. 
Hence in this case it suffices to assume that det2(/_ff + V^L~^F) G L°°{lJ) 
and that \VL-^F\h G L^^iii). 
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